Published by Institute of Physics Publishing for SISSA/ISAS Received: August 7, 2003 Revised: September 18, 2003 Accepted: April 2, 2004

Enhancement of non-gaussianity after inflation

Nicola Bartolo

Astronomy Centre, University of Sussex Falmer, Brighton, BN1 9QJ, U.K. E-mail: nb21@pact.cpes.susx.ac.uk

Sabino Matarrese and Antonio Riotto

Department of Physics and INFN, Sezione di Padova via Marzolo 8, I-35131 Padova, Italy E-mail: sabino.matarrese@pd.infn.it, antonio.riotto@pd.infn.it

Abstract: We study the evolution of cosmological perturbations on large scales, up to second order, for a perfect fluid with generic equation of state. Taking advantage of superhorizon conservation laws, it is possible to follow the evolution of the non-gaussianity of perturbations through the different stages after inflation. We find that a large nonlinearity is generated by the gravitational dynamics from the original inflationary quantum fluctuations. This leads to a significant enhancement of the tiny intrinsic non-gaussianity produced during inflation in single-field slow-roll models.

Keywords: -REM-Large Scale Structure Formations, Cosmology of Theories beyond the SM.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep042004006 /jhep042004006 .pdf

Contents

1. Introduction 1

2. Perturbations of a flat Robertson-walker universe up to second order 2 2.1 The metric tensor 2 2.2 Energy-momentum tensor of the fluid 3

3. Basic first-order Einstein equations on large-scales 5

4. Basic second-order Einstein equations on large-scales and

non-gaussianity 6 4.1 Determination of the non-linearity parameter 7

5. Conclusions 10

1. Introduction

Inflation is the simplest and most successful mechanism proposed to date for the causal generation of primordial cosmological perturbations on cosmologically relevant scales [1]. The gravitational amplification of the primordial perturbations is supposed to seed structure formation in the Universe and produce Cosmic Microwave Background (CMB) anisotropies in agreement with observational data [2]. Due to the smallness of the primordial cosmological perturbations, their generation and evolution have usually been studied within linear theory [3]. After the seminal work by Tomita [4], only recently second-order perturbation theory [5]–[7] has been employed to evaluate specific physical observables generated during inflation [8, 9]. The importance of an accurate determination of higher-order statistics as the bispectrum comes from the fact that they allow to search for the signature of non-gaussianity in the primordial perturbations which is usually parametrized by a dimensionless non-linear parameter f_{NL}. Indeed, a number of present and future CMB experiments, such as WMAP [10] and Planck, have enough resolution to either constrain or detect non-gaussianity of CMB anisotropy data with high precision [11].

The main result of the second-order analysis performed in [8, 9] is that single-field slow-roll models of inflation give rise to a level of intrinsic non-gaussianity which — at the end of the inflationary stage — is tiny, being first-order in the slow-roll parameters.

The goal of this paper is to study the post-inflationary evolution on super-horizon scales of the primordial non-linearity in the cosmological perturbations. We perform a fully relativistic analysis of the dynamics of second-order perturbations for a perfect fluid with generic equation of state taking advantage of the super-horizon conservation of the

– 1 – second-order gauge-invariant curvature perturbation recently discussed in refs. [12, 13] (see also [8, 14, 15]). Our main result is that the post-inflationary evolution gives rise to an enhancement of the level of non-gaussianity on super-horizon scales. Once again, inflation provides the key generating mechanism to produce super-horizon seeds, which are later amplified by gravity.

The plan of the paper is as follows. In section 2 we provide the second-order expansion of the metric and of the energy-momentum tensor, assuming that the source term is represented by a perfect fluid with constant equation of state. In section 3 we solve the perturbed Einstein equations up to first order around a Friedmann-Robertson-Walker background. The body of the paper is contained in section 4, where we derive the super-horizon evolution equations of the second-order gravitational potential and density perturbations. Section 5 contains a brief discussion of our findings.

2. Perturbations of a flat Robertson-walker universe up to second order

In order to study the perturbed Einstein equations, we first write down the perturbations on a spatially flat Robertson-Walker background following the formalism of refs. [5, 6]. We shall first consider the fluctuations of the metric, and then the fluctuations of the energymomentum tensor. Hereafter greek indices run from 0 to 3, while latin indices label the spatial coordinates from 1 to 3. If not otherwise specified we will work with conformal time τ, and a prime will stand for a derivative with respect to τ.

2.1 The metric tensor

The components of a perturbed spatially flat Robertson-Walker metric can be written as

g_{00} = −a^2(τ) ( 1 + 2ϕ^{(1)} + ϕ^{(2)} ) , g_{0i} = a^2(τ) ( ω̂^{(1)}_i + 1 2 ω̂^{(2)}_i ) , g_{ij} = a^2(τ) [( 1 − 2ψ^{(1)} − ψ^{(2)} ) δ_{ij} + ( χ̂^{(1)}_{ij} + 1 2 χ̂^{(2)}_{ij} )] , (2.1)

where the scale factor a is a function of the conformal time τ. The standard splitting of the perturbations into scalar, transverse (i.e. divergence-free) vector parts, and transverse trace-free tensor parts with respect to the 3-dimensional space with metric δ_{ij} can be performed in the following way:

ω̂^{(r)}_i = ∂_iω^{(r)} + ω^{(r)}_i , χ̂^{(r)}_{ij} = D_{ij} χ^{(r)} + ∂_iχ^{(r)}_j + ∂_j χ^{(r)}_i + χ^{(r)}_{ij} , (2.2)

where (r) = (1), (2) stand for the order of the perturbations, ω_i and χ_i are transverse vectors (∂^iω^{(r)}_i = ∂^iχ^{(r)}_i = 0), χ^{(r)}_{ij} is a symmetric transverse and trace-free tensor (∂^iχ^{(r)}_{ij} = 0, χ^{i(r)}_i = 0) and D_{ij} = ∂_i∂_j − (1/3) δ_{ij} ∂^k∂_k is a trace-free operator. Here and in the following latin indices are raised and lowered using δ^{ij} and δ_{ij} , respectively.

– 2 –

For our purposes the metric in eq. (2.1) can be simplified. In fact, first-order vector perturbations are zero; moreover, the tensor part gives a negligible contribution to secondorder perturbations. Thus, in the following we can neglect ω^{(1)}_i , χ^{(r)}_{(1)i} and χ^{(r)}_{(1)ij} . However the same is not true for the second order perturbations. In the second-order theory the second-order vector and tensor contributions can be generated by the first-order scalar perturbations even if they are initially zero [6]. Thus we have to take them into account and we shall use the metric

g_{00} = −a^2(τ) ( 1 + 2ϕ^{(1)} + ϕ^{(2)} ) , g_{0i} = a^2(τ) ( ∂_iω^{(1)} + 1 2 ∂_iω^{(2)} + 1 2 ω^{(2)}_i ) , (2.3)

g_{ij} = a^2(τ) [( 1 − 2ψ^{(1)} − ψ^{(2)} ) δ_{ij} + D_{ij} ( χ^{(1)} + 1 2 χ^{(2)} ) + 1 2 ( ∂_iχ^{(2)}_j + ∂_jχ^{(2)}_i + χ^{(2)}_{ij} )] .

The controvariant metric tensor is obtained by requiring (up to second order) that g_{μν} g^{νλ} = δ_μ^λ and it is given by

g^{00} = −a^{−2}(τ) ( 1 − 2ϕ^{(1)} − ϕ^{(2)} + 4 ( ϕ^{(1)}

)_2

− ∂^iω^{(1)}∂_iω^{(1)} ) , g^{0i} = a^{−2}(τ) [ ∂^iω^{(1)} + 1 2 ( ∂^iω^{(2)} + ω^{i(2)} ) + 2 ( ψ^{(1)} − ϕ^{(1)} ) ∂^iω^{(1)} − ∂^iω^{(1)}D^i_kχ^{(1)} ] , g^{ij} = a^{−2}(τ) [( 1 + 2ψ^{(1)} + ψ^{(2)} + 4 ( ψ^{(1)}

)_2) δ^{ij} − D^{ij} ( χ^{(1)} + 1 2 χ^{(2)} ) − − 1 2 ( ∂^iχ^{j(2)} + ∂^j χ^{i(2)} + χ^{ij(2)} ) − ∂^iω^{(1)}∂^j ω^{(1)} −

− 4ψ^{(1)}D^{ij}χ^{(1)} + D^{ik}χ^{(1)}D^j_kχ^{(1)} ] . (2.4)

Using g_{μν} and g^{μν} one can calculate the connection coefficients and the Einstein tensor components up to second order in the metric fluctuations. They are given in [8, appendix A]. From now one, we will adopt the Poisson gauge [16] which is defined by the condition ω = χ = χ_i = 0. Then, one scalar degree of freedom is eliminated from g_{0i} and one scalar and two vector degrees of freedom from g_{ij} . This gauge generalizes the so-called longitudinal gauge to include vector and tensor modes and contains a solenoidal vector ω^{(2)}_i .

2.2 Energy-momentum tensor of the fluid

Since after inflation and reheating the Universe enters a radiation-dominated phase and, subsequently, a matter- and dark energy-dominated phases, we shall consider a generic fluid characterized by an energy density ρ and pressure P with energy-momentum tensor

T^μ_ν = (ρ + P ) u^μu_ν + P δ^μ_ν , (2.5)

– 3 – where u^μ is the four-velocity vector subject to the constraint g^{μν} u_μu_ν = −1. At second order of perturbation theory it can be decomposed as

u^μ = 1 a ( δ^μ_0 + v^μ_{(1)} + 1 2 v^μ_{(2)} ) . (2.6)

For the first- and second-order perturbations, we get

v^0_{(1)} = −ψ^{(1)} ,

v^0_{(2)} = −ϕ^{(2)} + 3 ( ψ^{(1)}

)_2

+ v^{(1)}_i v^i_{(1)} . (2.7)

Similarly, we obtain

u_0 = a ( −1 − ϕ^{(1)} − 1 2 ϕ^{(2)} + 1 2 ( ψ^{(1)}

)_2 − 1 2 v^{(1)}_i v^i_{(1)} ) , u_i = a ( v^{(1)}_i + 1 2 v^{(2)}_i − 2ψ^{(1)}v^{(1)}_i + 1 2 ω^{(2)}_i ) . (2.8)

The energy density ρ can be split into a homogeneous background ρ_0(τ) and a perturbation δρ(τ, x^i) as follows

ρ(τ, x^i) = ρ_0(τ) + δρ(τ, x^i) = ρ_0(τ) + δ^{(1)}ρ(τ, x^i) + 1 2 δ^{(2)}ρ(τ, x^i) , (2.9)

where the perturbation has been expanded into a first and a second-order part, respectively. The same decomposition can be adopted for the pressure P .

Using the expression (2.9) into eq. (2.5) and calculating T^μ_ν up to second order we find

T^μ_ν = T^{μ(0)}_ν + δ^{(1)}T^μ_ν + δ^{(2)}T^μ_ν , (2.10)

where T^{μ(0)}_ν corresponds to the background value, and

T^{0(0)}_0 + δ^{(1)}T^0_0 = −ρ_0 − δ^{(1)}ρ , (2.11)

δ^{(2)}T^0_0 = − 1 2 δ^{(2)}ρ − (1 + w) ρ_0v^{(1)}_i v^i_{(1)} , (2.12)

T^{i(0)}_0 + δ^{(1)}T^i_0 = − (1 + w) ρ_0v^i_{(1)} , (2.13)

δ^{(2)}T^i_0 = − (1 + w) ρ_0 [( ψ^{(1)} + δ^{(1)}ρ ρ_0 ) v^i_{(1)} + 1 2 v^i_{(2)} ] , (2.14)

T^{i(0)}_j + δ^{(1)}T^i_j = wρ_0 ( 1 + δ^{(1)}ρ ρ_0 ) δ^i_j , (2.15)

δ^{(2)}T^i_j = (1 + w) ρ_0v^i_{(1)}v^{(1)}_j + 1 2 wδ^{(2)}ρδ^i_j . (2.16)

In the previous expressions we have made the assumption that the pressure P can be expressed in terms of the energy density as P = wρ with constant w.

– 4 –

3. Basic first-order Einstein equations on large-scales

Our starting point are the perturbed Einstein equations δG^μ_ν = κ^2 δT^μ_ν in the Poisson gauge. Here κ^2 ≡ 8π G_N. At first-order, the (0 − 0)- and (i − 0)-components of Einstein equations are 1 a^2 [ 6 H^2ϕ^{(1)} + 6 Hψ^{(1)′} − 2∇^2ψ^{(1)} ] = −κ^2δ^{(1)}ρ , 2 a^2 ( H∂^iϕ^{(1)} + ∂^iψ^{(1)′} ) = −κ^2 (1 + w) ρ_0v^i_{(1)} , (3.1)

where we have indicated by H =^{a′}_a the Hubble rate in conformal time. These equations, together with the non-diagonal part of the (i − j)-component of Einstein equations, give ψ^{(1)} = ϕ^{(1)} and, on super-horizon scales,

ψ^{(1)} = − 1 2 δ^{(1)}ρ ρ_0 = 3(1 + w) 2 H δ^{(1)}ρ ρ^′_0

. (3.2)

The continuity equation yields an evolution equation for the large-scale energy density perturbation

δ^{(1)}ρ^′ + 3H (1 + w) δ^{(1)}ρ − 3ψ^{(1)′} (1 + w) ρ_0 = 2 3 ρ_0 H^2

∇^2 ( ψ^{(1)′} + Hψ^{(1)} ) . (3.3)

This equation, together with the the background continuity equation ρ^′_0 + 3H(1 + w)ρ_0 = 0, leads to the conservation on large-scales of the first-order gauge-invariant curvature perturbation [3]

ζ^{(1)} = −ψ^{(1)} − H δ^{(1)}ρ ρ^′_0

. (3.4)

Indeed, both the density perturbation, δρ and the curvature perturbation, ψ, are in general gauge-dependent. Specifically, they depend upon the chosen time-slicing in an inhomogeneous universe. The curvature perturbation on fixed time hypersurfaces is a gaugedependent quantity: after an arbitrary linear coordinate transformation at first-order, t → t+δt, it transforms as ψ^{(1)} → ψ^{(1)} +Hδt. For a scalar quantity, such as the energy density, the corresponding transformation is δρ^{(1)} → δρ^{(1)} − ρ^′_0δt. However the gauge-invariant combination ζ^{(1)} can be constructed which describes the density perturbation on uniform curvature slices or, equivalently the curvature of uniform density hypersurfaces. On large scales ζ^{(1)′} ≃ 0. Using eq. (3.2) and the background continuity equation, we can determine

ψ^{(1)} = −

3(1 + w) 5 + 3w ζ^{(1)} , (3.5)

which is useful to relate the curvature ψ^{(1)} during either the matter or the radiation epoch to the gauge-invariant curvature perturbation ζ^{(1)} at the end of the inflationary stage. Indeed, since ζ^{(1)} is constant, we can write

ψ^{(1)} = −

3(1 + w) 5 + 3w ζ^{(1)}_I , (3.6)

where the subscript “I” means that ζ^{(1)} is computed during the inflationary stage.

– 5 –

4. Basic second-order Einstein equations on large-scales and non-gaussianity

Basic second-order Einstein equations on large-scales and non-gaussianity In order to determine the non-gaussianity of the cosmological perturbations after inflation, we have to derive the behaviour on large-scales of the metric and the energy density perturbations at second order. Again, our starting point are the Einstein equations perturbed at second order δ^{(2)}G^μ_ν = κ^2 δ^{(2)}T^μ_ν in the Poisson gauge. The second-order expression for the Einstein tensor δ^{(2)}G^μ_ν can be found in any gauge in [8, appendix A] and we do not report it here.

• The (0 − 0)-component of Einstein equations (see [8, eq. (A.39)]) leads to

3H^2ϕ^{(2)} + 3Hψ^{(2)′} − ∇^2ψ^{(2)} − 12H^2 ( ψ^{(1)}

)_2 − 3 ( ∇ψ^{(1)}

)_2 − −8ψ^{(1)}∇^2ψ^{(1)} − 3 ( ψ^{(1)′}

)_2 = κ^2a^2δ^{(2)}T^0_0 . (4.1)

• A relation between the gravitational potentials at second-order ψ^{(2)} and ϕ^{(2)} can be obtained from the traceless part of the (i-j) components of Einstain’s equations (see eqs. (A.42) and (A.43) in ref. [8]). We find

ψ^{(2)} − ϕ^{(2)} = −4 ( ψ^{(1)}

)_2 − ∇^{−2} ( 2∂^iψ^{(1)}∂_iψ^{(1)} + 3 (1 + w) H^2v^i_{(1)}v_{(1)i} ) + + 3∇^{−4}∂_i∂^j ( 2∂^iψ^{(1)}∂_j ψ^{(1)} + 3 (1 + w) H^2v^i_{(1)}v_{(1)j} ) . (4.2)

This constraint is the second-order equivalent of the linear constraint ψ^{(1)} = ϕ^{(1)} in the Poisson gauge.

• In order to close the system and fully determine the variables ψ^{(2)}, ϕ^{(2)} and δ^{(2)}ρ, we use the energy conservation at second-order and the divergence of the (i − 0)- component of Einstein equations (see [8, eq. (A.40)])^1

δ^{(2)}ρ^′ + 3H (1 + w) δ^{(2)}ρ − 3 (1 + w) ρ_0ψ^{(2)′} − 6(1 + w)ψ^{(1)′} [ δ^{(1)}ρ + 2ρ_0ψ^{(1)} ] = = −2(1 + w)ρ_0 ( v^{(1)}_i v^i_{(1)} )_′ − 2(1 + w)(1 − 3w)Hρ_0v^{(1)}_i v^i_{(1)} +

+ 4(1 + w)ρ_0∂_iψ^{(1)}v^i_{(1)} + 2 ρ_0 H^2 ( ψ^{(1)}∇^2ψ^{(1)′} − ψ^{(1)′}∇^2ψ^{(1)} ) . (4.3)

This equation can be rewritten in a more suitable form

ψ^{(2)} + H δ^{(2)}ρ ρ^′_0

+ (1 + 3w)H^2 ( δρ^{(1)} ρ^′_0

)_2 − 4H ( δρ^{(1)} ρ^′_0 ) ψ^{(1)} ′ =

= 2 3 ( v^{(1)}_i v^i_{(1)} )_′ + 2 3 (1 − 3w)Hv^{(1)}_i v^i_{(1)} − 4 3 ∂_iψ^{(1)}v^i_{(1)} + 16 27 (1 + w)^2 H ψ^{(1)}∇^2ψ^{(1)} −

1Notice that eq. (4.3) generalizes [13, eq. (5.33)] and corrects a sign misprint in front of the fourth term of that equation.

– 6 –

− 2 3 (1+w) H^2 [( 1− 8 9 (1+w) ) ψ^{(1)}∇^2ψ^{(1)′} − ( 1− 4 (1+3w) 9 (1+w) ) ψ^{(1)′}∇^2ψ^{(1)} ] + + 8 (1 + 3w) 27 (1 + w)^2 H^3 [( ∇^2ψ^{(1)}

)_2 3 − ψ^{(1)′}∇^2ψ^{(1)′} +

∇^2ψ^{(1)′}∇^2ψ^{(1)} 3H ] , (4.4)

where the argument on the left-hand side can be further simplified to

ψ^{(2)} + H δ^{(2)}ρ ρ^′_0

− (5 + 3w) H^2 ( δ^{(1)}ρ ρ^′_0

)_2 = ψ^{(2)} + H δ^{(2)}ρ ρ^′_0 − 4 5 + 3w ( ζ^{(1)}_I

)_2

(4.5)

and the final form has been obtained employing eq. (3.6).^2 From eqs. (4.4) and (4.5) we find

ψ^{(2)} + H δ^{(2)}ρ ρ^′_0

− (5 + 3w) H^2 ( δ^{(1)}ρ ρ^′_0

)_2

= C + 2 3 ( v^{(1)}_i v^i_{(1)} ) + ∫_τ dτ^′ S(τ^′) , (4.7)

where C is a constant in time, C^′ = 0, on large-scales, and S = 2 3 (1 − 3w)Hv^{(1)}_i v^i_{(1)} − 4 3 ∂_iψ^{(1)}v^i_{(1)} + 16 27 (1 + w)^2 H ψ^{(1)}∇^2ψ^{(1)} − − 2 3 (1 + w) H^2 [( 1− 8 9 (1+w) ) ψ^{(1)}∇^2ψ^{(1)′} − ( 1− 4 (1 + 3w) 9 (1 + w) ) ψ^{(1)′}∇^2ψ^{(1)} ] + + 8 (1 + 3w) 27 (1 + w)^2 H^3 [( ∇^2ψ^{(1)}

)_2 3 − ψ^{(1)′}∇^2ψ^{(1)′} +

∇^2ψ^{(1)′}∇^2ψ^{(1)} 3H ] . (4.8)

4.1 Determination of the non-linearity parameter

Since we are interested in the determination of the non-linear parameter f^ϕ_{NL} after the inflationary stage, it is convenient to fix the constant C by matching the conserved quantity at the end of inflation (τ = τ_I )

C = ψ^{(2)}_I + H_I δ^{(2)}ρ_I ρ^′_{0I} − 2 ( ζ^{(1)}_I

)_2

, (4.9)

2One can recognize the second-order gauge-invariant curvature perturbation (up to a gradient term) recently introduced in ref [13]

ζ^{(2)} = −ψ^{(2)} − H δ^{(2)}ρ ρ^′_0

+ 2H δ^{(1)}ρ^′ ρ^′_0 δ^{(1)}ρ ρ^′_0 + + 2 δ^{(1)}ρ ρ^′_0 ( ψ^{(1)′} + 2Hψ^{(1)} ) − ( δ^{(1)}ρ ρ^′_0

)_2 ( H ρ^{′′}_0 ρ^′_0

− H^′ − 2H^2 )

= −ψ^{(2)} − H δ^{(2)}ρ ρ^′_0

− (1 + 3w)H^2 ( δρ^{(1)} ρ^′_0 )2 + 4H ( δρ^{(1)} ρ^′_0 ) ψ^{(1)} , (4.6)

where in the last passage we have made use of the first-order continuity equation (3.3). The quantity ζ^{(2)} satisfies the conservation equation ζ^{(2)′} = 4ζ^{(1)}ζ^{(1)′} leading to ζ^{(2)} − 2(ζ^{(1)})^2 = constant. Since ζ^{(1)} is conserved on large-scales, this implies that ζ^{(2)} is conserved as well. Incidentally, we note that the combination ζ^{(2)} − 2(ζ^{(1)})^2 is equal to the conserved quantity defined in ref. [12]. Of course, every quantity differing from ζ^{(2)} by c(ζ^{(1)})^2 with c an arbitrary constant, is constant on super-horizon scales.

– 7 – where we have used the fact that during inflation w_I ≃ −1. The inflationary quantity ( ψ^{(2)}_I + H_I^{δ(2) ρI}_{ρ′0I} ) has been computed in refs. [8, 9]

ψ^{(2)}_I + H_I δ^{(2)}ρ_I ρ^′_{0I} ≃ (η − 3ϵ) ( ζ^{(1)}_I

)_2

+ O(ϵ, η) (non-local terms) , (4.10)

in terms of the slow-roll parameters ϵ = 1 − H^′_I /H^2_I and η = 1 + ϵ − (φ^{′′}/H_I φ^′) where H_I is the Hubble parameter during inflation and φ is the inflaton field driving the exponential growth of the scale factor during inflation [1]. Since during inflation the slow-roll parameters are tiny, we can safely disregard the intrinsically second-order terms originated from the inflationary epoch. Combining eqs. (4.1), (4.2), (4.7) and (4.9) we single out an equation for the gravitational potential ϕ^{(2)} on large scales

ϕ^{(2)′} +

5 + 3w 2 Hϕ^{(2)} = (5 + 3w)H ( ψ^{(1)}

)_2 + + 3 2 H(1+w) [ ∇^{−2} ( 2∂^iψ^{(1)}∂_iψ^{(1)} + 3(1 + w)H^2v^i_{(1)}v_{(1)i} ) − − 3∇^{−4}∂_i∂^j ( 2∂^iψ^{(1)}∂_jψ^{(1)} + 3(1+w)H^2v^i_{(1)}v_{(1)j} )] + + 3 2 H(1 + w) ∫_τ τ_I S(τ^′)dτ^′ + 1 H ( ∇ψ^{(1)}

)_2 + + 8 3H ψ^{(1)} ( ∇^2ψ^{(1)} ) + ∇^2S_1 3H + 1 H ( ψ^{(1)′}

)_2

− S^′_1 , (4.11)

where S_1 denotes the r.h.s. of eq (4.2).

We want to integrate this equation from τ_I to a time τ in the matter-dominated epoch. The general solution is given by the solution of the homogeneous equation plus a particular solution

ϕ^{(2)} = ϕ^{(2)}(τ_I ) exp [ − ∫_τ τ_I 5 + 3w 2 Hdτ^′ ] + + exp [ − ∫_τ τ_I 5 + 3w 2 Hdτ^′ ] × ∫_τ τ_I exp [∫_{τ ′} τ_I 5 + 3w 2 Hds ] b(τ^′)dτ^′ , (4.12)

where b(τ) stands for the source term in the r.h.s. of eq. (4.11). Notice that the homogeneous solution during both the radiation and the matter-dominated epoch decreases in time. Therefore we can neglect the homogeneous solution and focus on the contributions from the source term b(τ). At a time τ in the matter-dominated epoch exp[− ∫_τ τ_I dτ ′ H (5+3w)/2] ∝ τ^{−5}. Thus if we are interested in the gravitational potential ϕ^{(2)} during the matter dominated epoch the contributions in the particular solution coming from the radiationdominated epoch can be considered negligible. Recalling that during the matter-dominated epoch the linear gravitational potential ψ^{(1)} is constant in time, it turns out that

ϕ^{(2)} ≃ 2 ( ψ^{(1)}

)_2 + 3 5 [ ∇^{−2} ( 10 3 ∂^iψ^{(1)}∂_iψ^{(1)} ) − 3∇^{−4}∂_i∂^j ( 10 3 ∂^iψ^{(1)}∂_j ψ^{(1)} )] +

– 8 –

+ exp [ − ∫_τ τ_I 5 + 3w 2 Hdτ^′ ] × ∫_τ τ_I exp [∫_{τ ′} τ_I 5 + 3w 2 Hds ] × (4.13)

× { 3 2 H(1 + w) ∫_τ ′ τ_I S(s)ds + 1 H ( ∇ψ^{(1)}

)_2 + 8 3H ψ^{(1)} ( ∇^2ψ^{(1)} ) + ∇^2S_1 3H } dτ^′ , where we have used eq. (3.1) to express the first-order velocities in terms of the gravitational potential, and we have taken into account that during the matter-dominated epoch S^′_1 = 0.

As the gravitational potential ψ^{(1)} on super-horizon is generated during inflation, it is clear that the origin of the non-linearity traces back to the inflationary quantum fluctuations.

The total curvature perturbation will then have a non-gaussian (χ^2)-component. For instance, the lapse function ϕ = ϕ^{(1)} +^1_2 ϕ^{(2)} can be expressed in momentum space as

ϕ(k) = ϕ^{(1)}(k) + 1 (2π)^3 ∫ d^3k_1 d^3k_2 δ^{(3)} (k_1 + k_2 − k) f^ϕ_{NL} (k_1, k_2) ϕ^{(1)}(k_1)ϕ^{(1)}(k_2) , (4.14) where we have defined an effective “momentum-dependent” non-linearity parameter f^ϕ_{NL}. Here the linear lapse function ϕ^{(1)} = ψ^{(1)} is a gaussian random field. The gravitational potential bispectrum reads

⟨ϕ(k_1)ϕ(k_2)ϕ(k_3)⟩ = (2π)^3 δ^{(3)} (k_1 + k_2 + k_3) [ 2 f^ϕ_{NL} (k_1, k_2) P_ϕ(k_1)P_ϕ(k_2) + cyclic ] , (4.15) where P_ϕ(k) is the power-spectrum of the gravitational potential.

At this point, in order to give the non-linearity parameter, an important remark is in order. Indeed, when dealing with second-order perturbations which are expressed in terms of first-order quantities, also the short-wavelength behaviour of the first-order perturbations must be taken into account, as it becomes evident when going to momentum space. The crucial point here is which is the final quantity one is interested in. We are interested in calculating the bispectrum of the gravitational potential on large scales as a measure of non-Gaussianity of the cosmological perturbations on those scales. The bispectrum of such quantities is twice the kernel which appears when expressing the second-order quantities in terms of first-order ones in Fourier space, an example of such a kernel being f^ϕ_{NL} (k_1, k_2) in eq. (4.14). This means that, when calculating the bispectrum, we can evaluate the kernel in the long-wavelength limit, irrespective of the integration over the whole range of momenta. This is the reason why the last term in eq. (4.13) gives a negligible contribution to the large-scale limit of the gravitational potential bispectrum. Therefore, going to momentum space, from eq. (4.13) we directly read the corresponding non-linearity parameter for scales entering the horizon during the matter-dominated stage

f^ϕ_{NL} ≃ − 1 2 + 4 k_1 · k_2 k^2 − 3 (k_1 · k_2)^2 k^4 + 3 2 k^4_1 + k^4_2 k^4

(4.16)

where k = |k_1 + k_2|.

The non-gaussianity provided by expression (4.16) will add to the known newtonian and relativistic second-order contributions which are relevant on sub-horizon scales, such as the Rees-Sciama effect [17], whose detailed analysis has been given in refs. [18].

– 9 –

5. Conclusions

In this paper we have provided a framework to study the evolution of non-linearities present in the primordial cosmological perturbations seeded by inflation on super-horizon scales. The tiny non-gaussianity generated during the inflationary epoch driven by a single scalar field gets enhanced in the post-inflationary stages giving rise to a non-negligible signature of non-linearity in the gravitational potentials. On the other hand, there are many physically motivated inflationary models which can easily accomodate for a primordial value of f_{NL} larger than unity. This is the case, for instance, of a large class of multi-field inflation models which leads to either non-gaussian isocurvature perturbations [19] or cross-correlated non-gaussian adiabatic and isocurvature modes [20]. Other interesting possibilities include the “curvaton” model, where the late time decay of a scalar field other than the inflaton induces curvature perturbations [21], and the so-called “inhomogeneous reheating” mechanism where the curvature perturbations are generated by spatial variations of the inflaton decay rate [22]. Our findings indicate that a positive future detection of non-linearity in the CMB anisotropy pattern will not rule out single field models as responsible for seeding structure formation in our Universe.

Acknowledgments

It is a pleasure to thank David Wands for several discussions. We also thank the referee for her/his comments which allowed to strengthen the presentation of our results and to correct for an algebraic error in the final formula.

References

[1] See, e.g., D.H. Lyth and A. Riotto, Particle physics models of inflation and the cosmological density perturbation, Phys. Rept. 314 (1999) 1 [hep-ph/9807278]; A. Riotto, Inflation and the theory of cosmological perturbations, hep-ph/0210162; W.H. Kinney, Cosmology, inflation and the physics of nothing, astro-ph/0301448.

[2] H.V. Peiris et al., First year Wilkinson microwave anisotropy probe (WMAP) observations:

implications for inflation, Astrophys. J. Suppl. 148 (2003) 213 [astro-ph/0302225]; V. Barger, H.S. Lee and D. Marfatia, WMAP and inflation, Phys. Lett. B 565 (2003) 33 [hep-ph/0302150];

W.H. Kinney, E.W. Kolb, A. Melchiorri and A. Riotto, Wmapping inflationary physics,

hep-ph/0305130;

S.M. Leach and A.R. Liddle, Constraining slow-roll inflation with WMAP and 2dF,

astro-ph/0306305.

[3] J.M. Bardeen, Gauge invariant cosmological perturbations, Phys. Rev. D 22 (1980) 1882;

H. Kodama and M. Sasaki, Cosmological perturbation theory, Prog. Theor. Phys. Suppl. 78 (1984) 1;

V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Theory of cosmological perturbations. Part 1. Classical perturbations. Part 2. Quantum theory of perturbations. Part 3. Extensions, Phys. Rept. 215 (1992) 203.

[4] K. Tomita, Non-linear theory of gravitational instability in the expanding universe, Prog.

Theor. Phys. 37 (1967) 831.

– 10 –

[5] M. Bruni, S. Matarrese, S. Mollerach and S. Sonego, Perturbations of spacetime: gauge transformations and gauge invariance at second order and beyond, Class. and Quant. Grav. 14 (1997) 2585 [gr-qc/9609040].

[6] S. Matarrese, S. Mollerach and M. Bruni, Second-order perturbations of the Einstein-de Sitter universe, Phys. Rev. D 58 (1998) 043504 [astro-ph/9707278].

[7] H. Noh and J. Hwang, Second-order perturbations of the Friedmann world model,

astro-ph/0305123.

[8] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, Second-order cosmological perturbations from inflation, Nucl. Phys. B 667 (2003) 119 [astro-ph/0209156].

[9] J. Maldacena, Non-gaussian features of primordial fluctuations in single field inflationary models, J. High Energy Phys. 05 (2003) 013 [astro-ph/0210603].

[10] E. Komatsu et al., First year Wilkinson microwave anisotropy probe (WMAP) observations:

tests of gaussianity, Astrophys. J. Suppl. 148 (2003) 119 [astro-ph/0302223].

[11] E. Komatsu and D.N. Spergel, Acoustic signatures in the primary microwave background bispectrum, Phys. Rev. D 63 (2001) 063002 [astro-ph/0005036].

[12] D.H. Lyth and D. Wands, Conserved cosmological perturbations, Phys. Rev. D 68 (2003) 103515 [astro-ph/0306498].

[13] K.A. Malik and D. Wands, Evolution of second order cosmological perturbations,

astro-ph/0307055.

[14] K. Nakamura, Gauge invariant variables in two-parameter nonlinear perturbations, Prog.

Theor. Phys. 110 (2003) 723 [gr-qc/0303090].

[15] G.I. Rigopoulos and E.P.S. Shellard, The separate universe approach and the evolution of nonlinear superhorizon cosmological perturbations, astro-ph/0306620.

[16] C.P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and conformal newtonian gauges, Astrophys. J. 455 (1995) 7 [astro-ph/9506072].

[17] M. Rees and D.W. Sciama, Large-scale density inhomogeneities in the universe, Nature 217 (1968) 511.

[18] T. Pyne and S.M. Carroll, Higher-order gravitational perturbations of the cosmic microwave background, Phys. Rev. D 53 (1996) 2920 [astro-ph/9510041];

S. Mollerach and S. Matarrese, Cosmic microwave background anisotropies from second order gravitational perturbations, Phys. Rev. D 56 (1997) 4494 [astro-ph/9702234].

[19] A.D. Linde and V. Mukhanov, Nongaussian isocurvature perturbations from inflation, Phys.

Rev. D 56 (1997) 535 [astro-ph/9610219].

[20] N. Bartolo, S. Matarrese and A. Riotto, Non-gaussianity from inflation, Phys. Rev. D 65 (2002) 103505 [hep-ph/0112261];

F. Bernardeau and J.P. Uzan, Non-gaussianity in multi-field inflation, Phys. Rev. D 66 (2002) 103506 [hep-ph/0207295].

[21] K. Enqvist and M.S. Sloth, Adiabatic CMB perturbations in pre big bang string cosmology, Nucl. Phys. B 626 (2002) 395 [hep-ph/0109214];

D.H. Lyth and D. Wands, Generating the curvature perturbation without an inflaton, Phys. Lett. B 524 (2002) 5 [hep-ph/0110002];

T. Moroi and T. Takahashi, Effects of cosmological moduli fields on cosmic microwave background, Phys. Lett. B 522 (2001) 215 [hep-ph/0110096];

– 11 –

S. Mollerach, On the primordial origin of isocurvature perturbations, Phys. Lett. B 242 (1990) 158;

D.H. Lyth, C. Ungarelli and D. Wands, The primordial density perturbation in the curvaton scenario, Phys. Rev. D 67 (2003) 023503 [astro-ph/0208055].

[22] G. Dvali, A. Gruzinov and M. Zaldarriaga, A new mechanism for generating density perturbations from inflation, astro-ph/0303591;

L. Kofman, Probing string theory with modulated cosmological fluctuations,

astro-ph/0303614;

G. Dvali, A. Gruzinov and M. Zaldarriaga, Cosmological perturbations from inhomogeneous reheating, freeze-out and mass domination, astro-ph/0305548;

for a gauge-invariant generalization see S. Matarrese and A. Riotto, Large-scale curvature perturbations with spatial and time variations of the inflaton decay rate, JCAP 08 (2003) 007 [astro-ph/0306416].

– 12 –